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1. INTRODUCTION 

Ships and submarines f r equen t ly  r a d i a t e  sounds underwater which e x h i b i t  
d i s t i n c t  amplitude modulation. For  example, t he  noise from a c a v i t a t i n g  
p r o p e l l e r  i s  usua l ly  modulated a t  a frequency equal  t o  the  blade r a t e  ( i . e . ,  
t he  r a t e  of r o t a t i o n  of the s h a f t  mu l t ip l i ed  by the  number of b lades  of the 
p r o p e l l e r ) .  This noise can be received by a pass ive  sonar ,  and wi th  t r a i n i n g  
and i n  conjunction wi th  o t h e r  sounds, an opera tor  can of ten ,  from the  modulation, 
i d e n t i f y  t h e  type of ves se l  and es t imate  i t s  speed. 

The opera tor  can be g r e a t l y  a s s i s t e d  by r e c t i f y i n g  t h e  sonar s i g n a l s  t o  
e x t r a c t  the  modulation and spectrum analysing the  r e s u l t .  This i s  termed 
"DEMON" processing. A block diagram of a DEMON processor  i s  shown i n  
f i g u r e  1. The w r i t e r  i s  not  aware of any published mathematical a n a l y s i s  
of t h i s  processor.  I n  t h i s  memorandum, an express ion  of i t s  t h e o r e t i c a l  
performance i s  derived. 

It should be pointed out t h a t  t h e  processor  shown i n  f i g u r e  1 i s  not 
n e c e s s a r i l y  t h e  optimum d e t e c t o r  f o r  such modulated s igna l s .  ~ u t e u r ( 1 )  has 
made an attempt to  determine t h e  optimum processor  and i t s  performance, but  
t h e  s implifying assumptions he makes a r e  u n r e a l i s t i c ,  and as a consequence his 
r e s u l t s  should be regarded a s  u s e f u l  only i n  g iv ing  an  upper bound t o  the  
performance which might be achieved. The present  w r i t e r  has not  y e t  succeeded 
i n  determining t h e  optimum processor  under r e a l i s t i c  assumptions. 

2. ASSUMPTIONS 

The following assumptions a r e  made. 
I 

( i )  The sound r a d i a t e d  f r o m  the  v e s s e l  has the  p rope r t i e s  of zero-mean 
Gaussian noise  which i s  amplitude modulated by a low-frequency 
s inuso ida l  wave. The r e s u l t a n t  i s  hencefor th  r e f e r r e d  t o  a s  t h e  
"signal" .  

( i i )  The frequency of the modulating wave i s  known, but  i t s  phase i s  
random. 

( i i i )  The s i g n a l  i s  contaminated by a d d i t i v e  zero-mean Gaussian noise. 

( i v )  Both t h e  s i g n a l  and noise  a r e  wholly contained i n  a narrow bandwidth 
B ( i . e . ,  t he  cent re  frequency i s  much g r e a t e r  than  B).  

(v)  The spectrum i s  computed f o r  samples of da t a  of dura t ion  T ,  where BT 
i s  an  i n t e g e r  >> 1. 

( v i )  The average i s  taken of M spec t r a ,  where M >> 1. 

( v i i )  Signal  and noise a r e  s t a t i o n a r y ,  ergodic processes.  

( v i i i )  S ignal  and noise a r e  independent. 

Although it i s  un l ike ly  t h a t  the  modulating frequency would be known a 
p r i o r i ,  assumption ( i i )  above i s  nonetheless  not  u n r e a l i s t i c ,  because i n  
p r a c t i c e  one would compute t h e  e n t i r e  power spectrum over a l l  t h e  f requencies  
of i n t e r e s t .  
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3. NOTATION 

Let  the  inpu t  waveform t o  the processor  be  described by 

- [  ( ' ; p t + . ) ] s ( t ) + n ( t ) ,  ~ ( t )  - 1 + b  cos - 

where s ( t )  and n ( t )  a r e  zero-mean Gaussian random wavef o m s ,  

P i s  an i n t e g e r  > 0,  

P << BT (assumption ( i )  ) , 
O < b < l ,  

p i s  random i n  (0, 2n).  

It i s  poss ib l e  t o  express  s ( t )  and n ( t )  i n  terms of low-frequency (complex) 
waveforms modulating a " c a r r i e r "  frequency : 

where a ( t )  and ~ ( t )  a r e  i n  genera l  complex, and 

" denotes the  complex conjugate. 

We s h a l l  decompose a ( t )  and ~ ( t )  i n t o  t h e i r  r e spec t ive  Four i e r  components: 

where x (n )  = / a ( t )  eq (- i2n nt/!P) d t ,  

T 

y(n)  = ~ ( t )  exp(-i2n n t / ~ )  d t .  

0 

UNCLASSIFIED 
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For BT >> I ,  

where ~ ( n )  i s  the unmodulated s ignal  power component a t  t he  frequency corres- 
ponding to  the index n, 
and 6nm i s  the Kronecker del ta ,  

~ ( n )  i s  the noise power component a t  the frequency corresponding t o  
the index n, 

< >denotesanensembleaverage .  

By vir tue  of assumption ( v i i i ) ,  

<x(n) y*(m)> = 0, f o r  a l l  n, m, ( 9 )  

and from assumption ( i v )  

I n  what follows, we sha l l  make extensive use of the following theorem f o r  the 
moment of complex gaussian processes ( 2 )  : 

where n( ) denotes a permutation. 

Specifically,  i f  r = s = 2, 

< z ( ~ I )  z (m2)  Z * ( ~ I )  z"(n2)) = < z ( m l )  z*(nf ) > < z ( m 2 )  z*(n2)> 

+ < & I )  z*(n2)><z(m2) z*(n1)> 

4. MATHEMATICAL DEVELOPMENT 

After squaring and low-pass f i l t e r i n g  z (t), ,on1 terms remaining are those 
not containing f o ,  and we have, from equations ( I ?  to (3 )  : 

UNCLASSIFIED 



Tech. Memo. CPD 169 

[I + b  cos (F + 6;;1 I2 a ( t )  l 2  + ~ ( t )  l 2  

2nP t + [I + b  cos (- + .) ] [,(t)p.(t) + . * ( t )p ( t ) ]  

Af ter  subs t i tu t ing  equations (4) and (5) i n t o  this expression, and a  l i t t l e  
manipulation, we have : 

b  i4nPt + i 2 p  + -  exp - -- + - 4 exp (T > ( i4;pt i2P) 1 
x (n) x* ( m )  exp i2n(n  - m) t / ~  

n, m 
C 3 

+ y(n)  ,."(mi exp i2n(n-m)t/T 

n, m 
C 3 

( n )  ( m )  e  i2n(n-  m )  t/T + x* (n)y(m) exp -i2n(n-m)t/T 

n,m 
C 3 C 

(1 3 )  

3 1 
Consider now nu l t ip ly ing  this by cos (27rPt/T) and in tegra t ing  over (0 ,T)  . 

Noting t h a t  
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we have 

f (I + ( n )  x r ( n + ~ )  + x )  x * ( n - P )  i 

+ $ eiT C(n) (n  + 2 ~ )  + x(n)  y* (n) 3 
' ( n )  ( n )  + x )  ( n -  2 ~ )  +re 3 

+ % ei' 1 (n) y(n  - 2 ~ )  + x* (n) y (n )  3 
+ e * ( )  ( n  + x* (n)  y(n + 2,) 1 

A s imi la r  expression (except f o r  a  change of s ign ins ide  each cur ly  bracket ,  . and the  presence of i outside each term) obta ins  a f t e r  multiplying by 
sin(2nPt/T) and in tegra t ing  over (0, T )  . 

* _  

UNCLASSIFIED 
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These two outputs (i. e.,  a f t e r  cosine and s ine  mul t ip l ica t ions  and i n t eg ra t i ng )  
are  squared and summed. The algebraic manipulations are simplif ied i f  we note 
t h a t  the  two outputs take the  forms: 

cos: (P  + q )  + (r + s )  + ... 
s in :  (ip - iq) + (ir - i s )  + . . . , 

and t h a t  a f t e r  squaring and summing the only t e n s  remaining a r e  the cross 
products : 

Making use of equations (7) ,  (9) and ( 1 2 ) ~  we f i nd  t h a t  the expression f o r  
the mean a f t e r  squaring and summing eventually reduces to :  

I n  expression (1 6 ) ,  the  sums a re  taken over the range (1 ,BT) ; it should be 
noted t h a t  from the i n i t i a l  assumption ( i v )  , 

~ ( n )  = ~ ( n )  = 0 f o r  a l l  n  < 1 and n  > BT. 

We now make the  addi t ional  assumption t h a t  except a t  the  band l i m i t s ,  both the  
s ignal  and noise spectra a r e  l oca l l y  slowly varying, i . e . ,  

~ ( n  + 2 ~ )  ~ ( n  + P) c ~ ( n ) ,  

and ~ ( n  + 2P) c ~ ( n  + P)  - ~ ( n ) .  

Expression (16) f o r  the  mean output i s  then approximated by 
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We a r e  a l s o  i n t e r e s t e d  i n  the  variance of the  output when s i g n a l  i s  absent. 
I n  the  absence of s i g n a l ,  ~ ( n )  = 0,  and the  mean output i s  simply 

b ( n ) ]  . The output without s i g n a l  i s  

The mean square output i s  

Using equations (7) and (1 1  ) , we f i n d ,  a f t e r  considerable a lgebra ic  manipulation, 
t h a t  the  mean square output f o r  noise only i s  

The variance of the output i s  the re fo re  

mean square output - (mean output)  ' = r 1 b(n)] '1' + 6 1 k ( n ) ]  (20) 

The signal-to-noise power r a t i o  a t  the output of t h e  processor may be defined 
t o  be: 

a (change i n  mean with s i g n a l  p r e s e n t ) 2  
d  = 

variance without s i g n a l  

A s  we add M independent spect ra ,  i t  can r e a d i l y  be seen t h a t  the  signal-to-noise 
output power r a t i o  w i l l  be 
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For the s p e c i a l  case i n  which both (unmodulated) s igna l  and noise have f l a t  
spect ra ,  l e t  

~ ( n )  = S, ~ ( n )  = N f o r  a l l  n 

Defining 

K BT, 

we have 

I n  most cases of p r a c t i c a l  i n t e r e s t ,  K >> 1,  ,D << 1. Hence 

I f  M i s  s u f f i c i e n t l y  l a rge ,  the  output w i l l ,  by the  c e n t r a l  l i m i t  theorem, be 
approximately gaussian, and could therefore  be defined by second-order s t a t i s t i c s .  
Fur ther ,  we could then use curves f o r  Receiver Operating Charac te r i s t i c s  (as  
derived, f o r  example, i n  references 3 and 4) d i r e c t l y ;  these give a p l o t  of 
the p robab i l i ty  of de tec t ion  versus the  p robab i l i ty  of f a l s e  alarm f o r  various 
values of d 2  (see f igure  2 ) ,  which i n  our case i s  simply the  output s ignal- to-  
noise r a t i o .  

It should be noted t h a t  i n  equations (21) t o  (23) ,u i s  not the  input  s ignal -  
to-noise r a t i o ,  because S i s  the  power s p e c t r a l  dens i ty  of the unmodulated 
signal .  The modulation w i l l  increase  the  a c t u a l  input  signal-to-noise power 

r a t i o  t o  a  value of 1 + - ( ;2) ,u 

It i s  a l so  noteworthy t h a t  the  r e s u l t s  obtained here a r e  considerably more 
pess imis t ic  than those obtained by ~ u t e u r ( l ) ,  who assumes knowledge of the  
phase of the modulating s ignal .  Essen t i a l ly ,  h i s  output signal-to-noise r a t i o  
va r i e s  wi th  ,u2, whereas t h e  r e s u l t  derived here,  which assumed random phase, 
va r i e s  with , u 4  f o r  la rge  K. 

5. COMPARISON WITH SIMPLE ENERGY DETECTOR ,, ---, 
, ' ---\ 

By way of comparison, consider the  simple energy d e t e c t o r  shown ii f i g u r e  3. 
The output signal-to-noise r a t i o ,  defined a s  before t o  be 

i 
I 

A (change i n  mean with s i g n a l  p r e s e n t ) 2  d = #, G' ' 
variance without s i g n a l  t c.,; 

may be shown, a f t e r  the usual algebra,  t o  be 

--- 
UNCLASSIFIED 
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Comparing equations (23) and (24), we f i nd  t h a t  f o r  the  Demon processor, with 
small s ignals ,  the output signal-to-noise power r a t i o  va r ies  as p4, whereas with 
the simple power de tec to r  i t  var ies  as  p2. 

Hence it i s  t o  be expected tha t  i n  general detect ion using a simple power 
de tec to r  would take place before Demon c l a s s i f i c a t i on  could be effected.  

6. EXAMPLE 

By way of a simple example, consider the case of noise and (unmodulated) 
s igna l  spect ra  which are  f l a t .  It i s  required t o  ca lcula te  the value of p 
which w i l l  give a probabi l i ty  of detect ion of 90%, and a p robab i l i ty  of f a l s e  
alarm of 0*01%. Other given parameters are :  

B = I O ~ H Z ,  

T = lOs ,  

M I =  100, 

b = 1.0 

From f igure  2, i t  i s  seen tha t  d = 25. Hence 

and the ac tua l  signal-to-noise input r a t i o  i s  

o r  about -20 dB. 
Under the  same circumstances, the ordinary power de tec to r  of broad-band 

s ignals  would have a detect ion threshold of -25dB. 

7. CONCLUSIONS 

An expression has been obtained f o r  the output signal-to-noise r a t i o  of the 
Demon processor. It i s  found t h a t  i n  general the detect ion (using conventional 
power detect ion)  would occur before Demon c l a s s i f i c a t i on  could be effected.  

For small s igna l s ,  the signal-to-noise power r a t i o  out of a Demon processor 
f a l l s  a s  the four th  power of the input signal-to-noise r a t i o ,  whereas t h a t  of 
the power de tec to r  f a l l s  a s  i t s  square. This means t ha t  the threshold of the 
Demon processor can be expected t o  appear more sharply defined than  t ha t  of the 
power detector .  

A s  would be expected, the  performance of the Demon processor f a l l s  rap'idly 
as  the depth of modulation of the s igna l  i s  reduced. 
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Figure 2 
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PERCENT PROBABILITY OF FALSE A L A R M ,  P ( F A )  

Figure 2. Receiver operating cha rac t e r i s t i c s  
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